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Introduction 
All synthetic polymers and most natural ones 
are recognized to be non-homogeneous substances 
consisting of mixtures of chemically similar mole- 
'. cules which are. distributed in size about an aver- 
: age, some of them being much smaller and some 

• much. larger than this average, By various me th- 
. ods, more or less apprbximate, estimates of the 

average mdleeular weights of such, materials can 
, be made* bttt as yet information concerning the 

• distribution of molecules amongst the various 
sizes is e^ceedingry meager. An adequate un- 
derstanding of the ilundainental nature of poly- 
meric substances requires comprehension of the 
molecular size distributions as well, as the em- 
Pineal compositions and average, molecular 
wergiits> 

M'etHbds; have been ..developed for the. experi- 
mental determination of molecular size distribu- 
tions in polymers by using the Svedberg ultracen- 
fcrifuge, 2 but tbey have so far been applied only to 
a limited extent. Theoretical calculation of the 
molecular size distribution is possible if the ki- 
netic- mechanism of the polymerization process is 
sufiiciently well understood. Such calculations 
have: been attempted, for vinyl polymerizations 
W Chalmers,* by Bostal and Mark/ and-moF&fffr- 
centlyby \S£hu%* 

The present pap^ a tli.eoreti.cal analysis 

of the nioieeuiar size distribution in linear conden- 
sation polymers formed by the inter-molecular 
reaction of bifunctional compounds. The poly- 
*$te r f prepared by Garcithers arid co-workers 6 
.prb:\nde excelknt examples of this type. of polymer. 
They are of two kinds, those formed from lry~ 
droxy;aeicte 

CD A preHmlaarr account pi' jiurt of this work was iachidtd in a 
paper pr^cntcd by Dr. Wallace H, Carothers before tba >aradav 
f°^ cly Sy.mpor.iUin ( September lOZii [Trans, fnra^y Sec, 32, 39 

Svedberg:, 14,. I, (VSUU (!>) Sitmer and Gross, 

H^jCkim. Ada. 17, 720 'I'JiJl},. .and Syjucr,. ^.'tO.iM 
^35), Uav*i calculated ssz e dl cLrib uttonu . Tor poiys tyrtttcs irora sedt- 
Mentaitori velocities hi the ultracaKMftiffcv fc> Lansing aisd JCrae- 
W [This JogjiNAt, S?, 1359 (£935)} Have derived methods for 
cnicula.txns- a "ncii-uiitfcrmity coemcitint" irons determination or.the 
^Jw^utation ftqidiibrium distribution c f a pplytncrk material in the 
"Hracentrjfuija, 

U.) Dostut and Mark, physik; Chtvi?, B29 r .B0ft ClOSSL 
XS>> ScJtuIz, f^.;E3{?, 37S (1035),. 

Carptber^, Cfctmu J?>v,, S r 3B^fm (1.031)., 



HO—R— COO.H. 



> H(0— B.— -CO) j OH 



and those formed from glycols and dibasic-.acidb 
HO — R — OH * HOCO— R'-^CQDH , '^ft^j-. 

In general, . polymerizations 7 of the" first, type 
above may be iormuiated as 

^••A u --;B -> A—B (Ar-Sh - vA— B 

where A and B represent functional groups and 
AB, or BA, the product of their reaction with . one 
another; A simple mdlecide such as water may 
or may not be released in this process. % as in 
the second example above, there, are two kinds of 
reactarit$,. arid B r ~B>. three varieties of 

molecules may be formed in the polymeric mix- 
ture, viz.y 

the total itiutriber of reactaiit mote- 
eules; combined in. the polymer molecule, is an 
even integer 

A^ ^^A^^^^^B^B;: 
(HB) -If is odd, eitlser 



or 



Ano ther case which might be ..considered is= that in 
which the functional groups, are all. alike, but this 
may be taken as a, special case of (T) in which: k 
B. 

ft is characteristic of all of these polymcriza^ 
tions that they involve the coupling oi two hi- 
functional compounds to form a bifunctional com- 
pound of higher molecular : weight, winch in turn 
is capable of polymerizing with other m^ecu1e& 
Here the reactions ; monomer wdthmonoirier, man- 
ous&t with pblyjuer, and: polymer with polymer 
all involve the same chemical process. These" con-. 
densation. polyrrierizations are not to he confused 
With polymerization s proceeding by a chainmeeha- 
nism y , for example, vinyl polymerizations^ or : 

{7) The reasqas for cjassint tiifuncticmal condcuoatiotiis such as 
^"SeV^P tnic iJ^ym^riaatjpris have bcea But forth by CarothcrsA 

l - S > S «neniofT f '^ehcraie«l ^iueiirs aad Chavn B incxian^ Oxiorr. 
l^inv, I'riMs, pxfjvi-d, Eaifflafjd, 1*135, p.. 
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the polymerization of formaldehyde catalyzed by 
rarmicacM;* 

The. treatment which follows rests upon; the 
fundamental assumption that the reactivity of a 
fnnctionstl grotip, A or B> i$ independent of the 
size of the molecule to which it is attached, if 
the functional groups are separated -by more than 
three atoms in the chain, tliis: assumption is prob- 
ably not seriously in error) if only one or two 
atoms separate the Junctional groups in the mono- 
mer, then the reactivities of monomer and dimer 
may differ greatly although the difference be- 
tween dimer and trimer will be much less^. between 
trimcr and tetramer still less, etc. 16 li the re- 
verse reaction, polymer degradation, occurs ap- 
preciably, it: is- necessary to append the assurnp- 
tion of equal, reactivity of all links, AB.i with re^ 
spect to the reverse . reaction, g,, hydrolysis in 
the case of polyesters.; It is also assumed that 
the; formation, of cyclic compounds [as well as 
other side reactions)' does not occur to an. appre- 
ciable extent. 11 The errors arising" from th& as- 
sumptions Will in general be most significant in 
the range of low molecular weights; for polymers 
of high average molecular weight, where, the dis- 
tribution is broad and the low molecular weight 
.portion, is small, deviation from the calculated re- 
sults should not be large. 

Theoretical Treatment and Discussion 

Type (i) polymers and type- (ii): palynju^s 
farmed from equivalents or A— A and B mole- 
cules can foe subjected to the same treatment and 
so will be considered simultaneously.. Th& special 
andrhiore ^rnpiicat^problem^f ^^^ske^dWtrflsur-. 
fciqn relations in type (ii) pinners formed from 
non-equivalents of A— A and B— B molecules 
will be relegated to a separate later section. 

Befinitions, — A reactant niolecule or its radi- 
cal will be defined as a ''segment'' and- the term 

(0) : C4U'ruthc«i : ;and Norrish, Trans; Faraday Soc, .32, lGS ■ { 193$}. 

(10) Factors which cause chaage m reaetioa rate d arias the course 
.6f the reaction do hot mvaHdute this assumption. U the rv.tr,* of rcac- 
t*o» 6,fvit \^ : ^Rra^i. : l^^'dim^■*i"c^ are ail affected equally. Thus, the 
increase ia viscosity of the medium as the reBciioti prbErc^ea rraght 
*l«w dowa the reaction, bnt if ite rate of reaction of each ; m oiecu Jar 
species t £i a lowed d dwft .. pioportioattt ely the equality of the rwcLivi- 
ties of uUfunc#6nal gmupa at acy one tune Temainn nddiaiurbed. 

XI I ) ^att emtit of ring forniatinn In blftirjctionftl esterulca- 
ttoiia iuvolviiig tialt lengths beytfttd 7 e^cecdta^ly soiall has bcea 
shown experiraentaity in many paper* published froui this Labors 
tary — c. Catat.h^ arid HUi, Tins JouaN-At, flOBS). 
More recently. somctbIaf£ m the nature of quantitative data on this 
point has become available, iu a paper by Stoll and Ruuve. [Bell 
Chirr: ,-Uiq. IB, 10B7 (1935) ] r By a long (and *omewhat dbubtfuJi 
estrapolatiDii one can, for example, calculate that pure hydroxy* 
decacblc acid would furnish • only 0.0005 % of raanomeric lac ton e- at 
complete eatedncation,: nyhile Id&hcr hydroxy: acitia mi Rat jti-v e us 



' '#-mer 1 ' wiU denote a polymer composed of x seg- 
ments, e. g..,,a bexamer is. a polymer composed of 
she segments;- 1 * 

The following no tation wilt be used: 

»* total number of segments « lotal : number of.A (or 
B) groups. 

iV uumbcr of trnmacted A (or B) groups whicli remain 
af ter Ihe reaction lias bee ti in progress f or a t irue, /. 
ife— iV iminber of reacted A (or B) groups. 
(If desired, the W*i may be expressed in moles without 
tering any of the equations whicij , follow;) 

pt the extent of reaction, ^fraction of the total number 
of A, ( or B) groups which hme. reacts d a t time t 
P ^ m - A T )/iV* ( !) 

Fundamental Distribution Functions.— In or- 
(ier;% ^ let us de- 

termine the prpbahiH^ H Xf that a particular seg-^ 
nieht Sejected at random is part of an: jc-mer. 
pictnre. a large group of partially polymerized 
segments, laid end to end, tlius 

m *m — & — h — 

the b*$ design ating lie linkages, or potential link- 
ageSi between the segments, Since all unreaoted 
fiinotiotial groups are assumed to be equally reae- 
th^ the probability that reaction has occurred to 
link the segments at any particular b is p and the 
probability "that no linkage, exists is I —p. There, 
are- x possible configurations, such as for example 
that consisting of linkages' at b^i^. ih^ and. ^it- 
reacted functibrial : grpups at and b^ which 
fulfill the condition that the segment S be part of 
an Nfien. Since each of these consists of x— l 
linkages and two unreacted potential linkages^ 
the probability of the existence of each particu- 
lar configuration is p x ^^{l — p)~. The probability 
tJhat of &e;^ #hfigtir^ 

; , m^ ^ ^^ii - 0 m ■ 

£12} la condeiisauons of type (t) & ■&egjneat b Mentkal with a 
"struct unit unit" as previously defined by pajr^exs^TKrs JOURNAW 
51, :15SS U02D;r ibid. t 55, £02,1 (1933)], hut in type in) co;ulrnia- 
tiooa a ac-rmmt is one A — A: or uue B-E ffroup whereas the stnie- 
tura! uuit is A— AB — ;B. , For ty pe (ti ) poly mers tb c abo ve 4 1& ai t! an 
*>f a a s?-Dncr docs not agree the previous defiriitiasj iwcardiMp 

tp which \\p x~&.pt : cx>nUiia.2 x sir-uciural units. The ahfl^e^e&nitJpn* : 
hay e beta ttdbptect far the sake cl simplifying the Foil.owiu g aiml}'&^ 

(13) Kuhn, Ber., &2 t 1503 (11)30;), has derived the same equation 
=for the snislecltilair '*fcn» d^trifaiitJOtt in a detruded ce]lu}o-ie lorded by 
the hydrolyslfi of hiiaiillcly iarjrc cel.lulojie cnoleculps, assurniag iiwt :. 
all imkaffes are equally hydrolyzrttile; "That feiie two dietrxbutiutis 
sbo-.Lld be identical ts Dbvlcws when aae conoiders tlze eqwivalcece of 
thitiiord^^bn-dt jpd thraqcrii raQdoni farffi^tt^JS 

linkagres and. tJirositdi raiidoni breakiqii of linkuge^ already foiiticd* 
In «. fwrthex study of the proibiem. of celluio^t degradatiou, S^la^es^ 
Z.. y;rtyiifc. Chtm^ Ainn, 357 (1Q32), and Kuhn, ibid,, 366 
(1932), have .taken Into aqcouat the finite. size of the e^lujass niotc- 
cuje prior to< its deE-mdatirjia, aad they have deemed it necessary t«> 
consider ds/Jercnt rates for said-chain hydrblycis atsd for hydroly*^ 
of the .; terminal unit. These added, complications lead to resatts 
which diiTer f rota those Fa r b t f u a cfcio nal t:o:i dea»atioas. 



Octv, 1936 Molecular Size Distribution in Linear Polymers 1S79 



As a consequence of the definition of II* 

To ml number of segments which 

exist as components of avmexs 
Tfltal number of segments ( ~ Na) 



If in the: condensation process no. molecule such as 
water is elimiuatedj the molecular weight will be 
exactly proportional to the number of segments 
. in the molecule, and IT* will be exactly equal: to the 
weight fraction, of ^"-niers. If a molecule is elimi- 
nated in the condensation, the deviation from, this 
proportionality (due to the excess weight of trie 
unreached terminal fiincti.onaj. groups) will.be neg- 
ligible, except for the very low molecular weight 
polymers. Hence, OL will be regarded iieremafter 
as the weight fraction. 3 ' 1 
The number of sc-mer molecules is given by 

Since there is an average of one. A (or B) group 
per molecule, the total number of molecules N — 
A r 0 (I-£). (see i£)).. Therefore, letting P x be the 
mole fraction of ;c-mers 

= = ^'-"H'l ~ P) m 

In order to locate the x value which gives a 
maximum in: let 

m./m = : p - £P : i$r--* H- In p) - 0 " 
Solutions are,*;. = (minixnuni),. and. 

«- — l/ln.£: (5) 
which for values of £ near unity becomes 

= 1/{1 — = i^i/Jlf kvera g£ val us ol s (5b) 
At the maximum 



(6) 



which.,, on introducing approximations validfwheri 
$ is near unity,, becomes 

IW -a (S (6h) 
DInVentiaung .P x with respect to x and equat- 
ing to zero 

pnlyraers is ^eiitiaUy the same an (3) also, although it ia based on an 
afttlrely a" ifTercnt set erf condition s. His equ&ti a ti J or tise weight fra c - 
;tion of ^wfjjcr expressed in the ay nib<jl f; used hi this paper 3s Un J"' > 1 
where 1 *~.p (l — i a Sehuhc'a terminal Dyyj is the ratio of the yc- 
Jocity pi chain termination to the Velocity or ch&iri propagation; 
Uiusmiieh^as Sebnls was interested only in large * values he re. 
Placed V -~^jr with, a In the exponential The constant terjta p (In fO*; 
v. as u v ansittcd by^'ritejprn'tion, a metiuad winch is approximate whfctf 
applied to a mixture of mioiqeuie* which vary an size in a stepwise 
manner, Hud du ett summation been ns.cd, this term w<mkl. huve 
;beca (i - a £ m However , lor vaiiich pf near unity (I - 

U£) In type <ii) polymers it Triil.be reeatled that we have erne type 
m.tr when * Is even and two when* Is odd, Men -c is even the 
cQiniulsratiDns of the preceding, paragraph apply at once. Wheb :x 
•is odd the number* of the. two types at sr-me*s are. equal as a coa>e- 
quence; of tiie as^wmptioti of ecjual reetitivity ol all A and of ajl E 
? X1J *VS H folkswa from tbis tbat if we take H. '^n'ch -x ts odd to 
tnetwtie bnth tiiiutf. of x-mera combined., then n r can be tcben as Die 
^PPrbxi:Tiafce,-.weis:ht Iruetian at x-snvrs in type (iH as; well as in (iv 
^if^Oin further i^sputpp^pn^ 



^ - ^-Ki " />) hl #■ - fl 

Since a- ^ is. the -only solution, ,F r possesses no 
niaxiinum with respect to x. 

The values of p which will give respectively the 
maximum amount and the maximum number of a 
particular A>mer niay be obtained as follows 
&n,/bp - xp*-*$ - — i ~ px - P ) = q 
for wliich solutions are ^ 0 t 1 or 

A— * (x - i)7{* + i) (7) 

Similarly 



px — 1) - 0 
- ■!}/* (S) 
Discussion and Graphsv — The weight frac- 
tion distribution function (2) and the mole frac- 
tion distribution function (4^ are represented 
gi-aphically in Bigs, I and 2 and in Figs. S and 4, 



0:20 




Mg; 1 Weight fraction dismtmiions for moderate 
e^teittso^ reaction (p}>. Qtte sqaarq = 0,02 >veig:lit 
fraction.* 

respectively, for the several valties of ^ indicated 
above each corvee From the. .curves in Figs. J. 
and 2 one can determine the relative quantities 
(by weight) of each molecular, species; the curves 
in Figs. S and 4 give the relative numbers of mole- 
cules of. each species. For the: smaller values of 
P tlie weight-fraction curve possesses a sharp rnaxi- 
nmm r , but as approaches unity, this maximum 
becomes lower,, shifted to larger values of x, and 
broader in the sense that there are more species 
present in approximately the maximum amount. 1 5 

CI 6) It can he shown that tije eiirvtfe in Figs. 'JL and 4 may be used 
for larger va:iue5of p by altering the cc6rdmate scale accordir.R to the 
i'oiJowin£f= rtUei if p be inerear-ed go that 1 — J? is decreased rt-Xdid, 
then the ofdinate must be divided by y and Uic absciasa suUtiph'ed by 
n. Thus, the f ^ O.^B c;irv t iaay. he hsediur ^ ** OlftQB if Uic 11^ or 
■P x ivnlnea be , dlyid&<5 by ten nod the * values multiplied by ten. 
"Tuts procedure is approximate, but tlie error h in E^n^cant H p { B 
eZmit and .t ^ 20. 
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^"iner which is present in greater amount 
than any other, specified by tlie.maxiiiitim in the 
n * cur^e, is giveri by (§) or (5b), and the quan- 
tity of this species is given by (6) or (6b). ,%- toax 
coincides apprp^niat^ly with fee. average value 
of :c (number-average, cf. $eq.). : It can be shown 
that for values of £ < 0*5) monomer is m excess 
Q;M)r 




zero as £ approaches unity. As * is increased, 
the maximum is lowered and shifted to higher p 
vaittesi The mole fraction of a particular xMner 
ittcreasesin a similar (but not identical} way as the 
reaction progresses, reaches a maximum (equa- 
tion (S)) and then decreases to zero as p ap- 
proaches unity 

0.040r 



0.032 



0.024 



0,0X6 



0.008 



0.000 



Fig. 2 — 'Weight fraction- distributioiis for lar-g& stents 
of reaction. One square « 0.02 weight fraction, 

(by weight) of any other species; for p > &4 
Kmaac. S2. As is shown by the above analysis, 
there is no m axhnnxD in the P x curve for any value 
of p (seeFjgs, 3 and. i) r and so there are ahvays more 
rtotecules of mmwimr iJmn of any oilier single spe- 
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reactioav One square ~ dm moie frafitte. 

The sum of the weight fractions of all cdlistitu- 
mUj of necessity always equa] to tulity, is approxi- 
mately equal to the area under one of tjie curves 
in Figs, 1; and. 2 from i to # m } since?* 

Similarly, the weight fraction of aH co^stu^nts 
between x = x T and £ # 2 is approximately 
equals to area im ^ Xl iQ . 

0:12 



■fa 



Fj& 3.— Mqle fraction distributions for moderate ex- 
tents: of reaction (£} One square = 0 02 mole fraction. 

In Fig, & tiie: v?eight fraction is plotted against 
# for several vatoeis of As the reaction pro- 
jesses,- the amount of a, particular ^mer builds 
tip to a maxinittm located according to. (7) at# «= 
{x — + I) and then falls away to approach. 




Fig, 5.-~Wci£rht fraction of rt-mer i>£ extent of- reaction, ' ' ! 



Xhs failttfe pf t^b Bfaj, to equal unity cixa^tiv becatt»f 3 

of the treatment al a discontinuous pb«nbmauoja n» u continuous 
one; that is, only integral valuer of * have pfeyaical meanics, witrcas 
the integration ia carried out continuously ever all values of xl' V/iiec 
* ls sufBeittntJy 1%, WeVe^ the im^m! far the area under t»jc 
curve) filters mapptcctably Ctnin unity. 
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.v — #3, and so the total weight fraction of these 
constituents can be. evaluated, graphically. This 
may be done . in V.igs, % arid % by counting the 
squares imder the curve between these limits and 
multiplying by 0.02. Similar considerations ap- 
ply to file mote fraction graphs:.. This procedure 
is approximate, but for broad distributions {p & 
0,90) it may be used without significant error. 
For such distributidns nearly tlu'ee-fourths of the 
material (by weight), consists of molecules, for 
which ,r >• x^x, ^average 

Molecular Weight Averages . — Lans i n g and 
Kraeiiier 2c have discussed three different kinds 
of average molecular weights which are amenable 
to physical measurement. These are denned by 
die equations 

M K = ZMJN^/Mf*m- (10) 

where: is the molecular, weight: of an x-mer 
molecule and is the number of .rv-mers . The 
^number-avera^^ molecular weight, M n > may be 
obtained by ordinary physical or chemical meth- 
ods (end group determination:, osmotic/ pressure 
measurement, etc.) ; the '*weightrayerage" molec- 
ular weight, Mt^^and the^ "Z-average" molecular, 
weight, W S} can be evaluated from sedimentation 
cquilibritmi measurements : in the : ukracentriiuge, 
M w may also be determined by means, of Staxtd- 
inger's 1 " viscosity method scq.) in cases where 
this method. capable of yielding valid results. 

These :&L^Qx^-^$fi averages may: be evalu- 
ated m terms; of p by substituting equation (3), 
for Mj, f and # Mb &r M s} the. molecular weight . of 
an x-mer molecule, where: M;p is the" molecular 
weight of one segment. 18 These substitutions 
lead; to the equations 

It can be shown that the values of the summations 
are ,as- follows 

.^^^5(1 - J9*'« O "f # + £*)/'(! - # a 
•(ST; Staud.inger, * Die htsclimolektalftrejj organJschen Verblii- 

i 1.8} , JU! _ may not equal . a exactly hiuBimuch us. the,- molecular 
weighl of ttiriuiiitil groups- (II fli^d —Oil in the en at: af.-poiyeSiers) Is 
ncffJcqtcd, llowiivef, far Lug* molecules ilie discrepancy will be 
very amitU. If two kjadaof- aegmsatS axi prfi'»eni (crise. (KM, tften 
.^5 must fee tufcuti au the tneaii molecular weight of the s?gmtyi:ts. 



Substituting these values in the equations for if nt 

-¥^ P and -Af* 

M, = AU/ri - *J (12) 
m u , = Mi^i 4- rt/U P) (M 

Mj = 4- 4p + - £-) (14) 

Also 

%M^,=- + jtOifl # 4 £~)/U fvj$ (IS) 

The. divergence among the three. average molecu- 
lar weights is a measure of. the non-homogeneity 
of tire polymer, and from it Lansing and Kraemei*- 
derive their 4 V*on-tmiformity coefficient/'" The 
three averages are all equal when p =•■ D. As the 
polymerization proceeds and J> increases, M; w be- 
comes progressively greater than M- nt and M p be- 
comes greater than M u .< When p is close to 
unity, i, e. t when the average molecular weight is 
Mgk, the ratio (15) becomes approximately 

M it : M„: M t *= UStS: (15b). 
It will be well to emphasize the bearing of these 
results on Statidinger's method for determining 
molecular weights of linear polymers from the 
viscosities of. their dilute solutions. He has ad- 
vocated the use of the following relation, for the 
deteraiination. of the average molecular weight of 
linear polymeric substances 

where t? r Is the relative viscosity , c is the concen. 
tratipn, and it is the Staudinger constant. With- 
out taking, into account different averages.^ Staud- 
inger has used the common number-average 
molecular weight, in tlie above, equation. Krae- 
mer and Lansing 151 have shown that the weight* 
average molecular weight, .M^ r; sho.uld be used in; 
this equation instead of M n . Therefore, only in 
cases where the ratio M^-fM^ is constant can it 
also be presumed that [(1 — ^)/^](c - o) will be 
proportional to M n , As: shown above, tJiis ratio 
does become very nearly constant (equal to : two) 
for high molecular weight polymers of the; type: 
considered here. Hence t though the Sitmidinger 
equation may be applicable to liigk molecular 
weight polymers of this, type, when the molecular 
weight is low (when p < 0.9 and M^/Mo < 10), 
the use of this equation is no longer permissibie. 
In its stead, one should use the equation 

where K } — It would be interesting to, 

trace experimentally the deviation from the 

(19) "Kraemer oasd Latisiiiff, J. frhys. Chary , M ¥ 153 (1935V i sfte; 
also IC<*1 %> Sir , 6B, 1439 (103ii), iitid thfi w&rfc of ^cliula* ^ii VJJV^I 
polymt:^, 



±m2. 
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£«t^**^# - V otlow molecu. 

Typ f W »oiymers Prepared from JToii- 

:^e«t Amounts of the Reactants.-As 
described m the introduction, three kinds of J lc - 
cules may be farmed in type <® polymerization- 

""rt CMnprtSed ° f an ^'en nuuiber erf sej 
™ts: K-mers), molecules composed of £ 

odd jiuraber of segments and terminated by A 
Sn^ps f^A» ^mers), and molecules eo„i n 
mg an, odd number of segments and terminated 
by ^groups r^-B" ,-^ers). When an ^ 
of one reaqtant, arbitrarily chosen here as the re 
aet a „tdesig 11 atedby B-B, is used, separate W 
^J**?* 3 * foreach of ^.threefcind,o r 

^ ^ * Sr ° Ups ^ -umber * A — 4 w 

^1££ J ;rf B = ^ number of B — B ^ 

i«-*.J=A'*_ ft? = » n excess of R £32? 

5 = Probability that a;B group ins reacted 
„ -fl'o ' - :N' _ N' a — N' 

where r N{>/Ng. 

In analogy to the method of derivation used 
gW*^ a single segment Sis selected atranddm 
from the sequence of segments 

: "i S 

d< f nnmed fay adding the: probabilities 
0t ^figWltton Which will meet this reqnire- 
M Bemuse of the different varieties of poly- 
merase (na) and (lib)) and the non-interchange- 
abmtyofA-A and B B when the latter fifa 
excess. ,t will be necessary to use superscripts and 
subsenpts co designate the various r^s, £'s and 
■tr x s which anse. 

-mast, molecules for which. is an even inteeer 
will be considered. If the segment S selected at 
random nappens to be an A--A, the probability 

#, p^terna^- A similar rule applies to 6 
audso wehave £ f QI the probability of linage 
where n is odd (either 4- or ~> «h* t u - ■ 
pwn Tfkr ■ - ' r \ ' > and S where m is 

«ven For each of the tf configurations which 
•will mdude S in the „, there wnl £g 
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to- where: «. | S odd, (*/ 2 )-i Ji nfcs wllEre 7| ig 
even and one of the terminal groups will be A 
and the otherB. The p.obabmty that ^y g^ 
^jyMW*. ^m P One a t of an«,a„..-mer i; 

nJL\ B 7u B :STOXXP had been seiec ted as the seg- 
ments, the same considerations would apply w ith 
t ^ * 'Ranged. That %. if A's and B s 
were mterchanged in the chain of segments pic! 
tured above then S would become a B-~B !1 
m f U ' ? r ptda fee ^ e Probabmty-of linkage at f 
when » , s odd, mi J would: be the P rb£mn5 
when.*^ even. By interchanging ^ ^ in (16) 
the probability, that any g iv ^ B -B 

segment is a part of an ^ .f-mer is obtained 

The total number of segments hi 

Substitutmg (16) and (17) and recaOing that 
N s (evm) -km tt&liwcn) . , 

N Jp~' *<Hti -pya -. us), i 

mST*? 6 fmCtiort 0f tile ^ number of bath 
tart^rf segments which axe contained in , 



": ( ^ is ff N a PP^™t^ wight .ft^on of aii 
even x-mvT (21). ■ • 

For the mb le fraction of ro SW -e-mer '"^ 
xox.su no. of moJscuies l/2U\" + .V") 

^' = (i - ' 
From (IS), therefore 

^ xis odd the number of links is evenand 
mtW> terminal groups ate either both -A's or 

. Jf!, Ub)) - First ' " s the prob- 
n; ^)> ^at an A~A segment'sueh 
as S is a component of an oU x-mer having A 
|roups_ at its ends. Each of &e (a + l)/2 con- 
Sgnraisons fulnlling this requirement Contains 




Molecular Size Distribution in Uheae Polymers 



links at V s where ?*:ts odd and - -1)7 
2 links where;^ is ;feven. Therefore 

^^±1^J rC=-^(l - £) 3 (25) 

Them- are fee -— l)/2 ^oniigu rations containing 
the A^~A segment*. S, which give aid miners hav- 
ing; B end: groins. For .each of these there are 
4 i)72 links, where ?i is odd and. — •3)/5 
where is even. Consequently 



: %p. lind the. corresponding probabilities that a 
£ — :B segment is a component of an #-mer * A 
is interchanged with. B and p with 2, as was done 
above. When. A and B are interchanged in con- 
figurations gjviiig odd-A terininated x-mers, odd- 
B terminated Miners, result, % interchanging p 
and in (01} onevgets tiie probability, 13 J (odd~B)> 
that a-ny given B— B segment is contained in an 
oddti-mer terininated with B groups. 

mmm p^r^mi - (23} 

Similarly by interchanging i». and g in T&fp&i&S 
one gets. 



The: total number o( segments contained in 
odd .rimers terminated with A groups is. given by 

fal&A), Replacing itfo by -iSj/r ami in troducing 



Tfe c^esp^ding fifels are 

j- ... xW^adil-Aj 

■Stat - rp 

The mole fractions &£Md-M and P±(fl<M-B) 
can be derived;! rom (25) apd (36) in the sarrie way 
t&at (20) was obtained from 



and 



{27} 



(28) 



Overlooking for the moment, that x cannot as- 
sume the same integers in both even and odd func- 
tions, (19), (27) and (2S) lead to the, ratio 
n,(^e«);.r^(f>^-A).:.n s (^-B) ~ 

which is independent of Hie corresponding 
ratios for the Cs ^ ^ 5 are identical with the 
above ratio. 

Substituting:^ = I in rh^ ;a^ove ec^a^ions to o h - 
tain distributions at coropletibii of the reaction 

tfcfrtf^B) - se^fci - ?f)r - V./ci + rj (2Sb) 

The. complete absence of «tjc?i aiid odd-A molecules , 
is a consequence of the reaction of all A.groupsv 

To . summarize the above equations* (18) , (19) 
and (20) give, respeetivelyj the numbers, the, 
weight fractions and the nibie fractions of even 
molecules. The corresponding quantities for 
odd-A molecules are given by {25} > (S^ ^atid (29) r 
and for odd^B molecules:, by (26), (2S) and (3.0), 
The distributions at completion of the reaction 
ip = 1) are given by (gSbJ mid pOb), 

The weight fraction distribution functions are 
plotted in Fig. 6 for t ^ 0,80 (25% excess of: 
B— B mdlecules) at the three stages of fe.^a^ 
tion, p = 0.85 t 0;95 and. 1.00, All three Curves 
for a given pair of r and ^ values are similar in the 
sense that, as shmvn by (30.);, for all x values the 
ratio of the ;^#;iljs:fe#e sa^. Consequently, 
all three maxima come at the sarne molecular size 
(x value). In Fig. 7 the weight-fraction, of 
mer (o^B- on% since all other types are absent) 
is plotted against x at complete reaction (equa- 
tion ;(.2Sb>). for several values of r. The method 
of area summation ^veu. abo ve can. be applied . in 
these figures also- 

;Por any value of r there are present initially 
(p 0) only odd-A (A— A) and cdS^B (B— B) 
molecules, and even molecules are absent entirely , 
If tlie numbers of the two &inds of segments are 
equal (r = : l$, l lhejaulount:^ In- 
crease steadily (star&ig f rom zero) as the reaction 
progresses, uutil iW amounts >#' evm and; odd 
(odd-A plus odd^B) mokcules become, practically 
equal. With an excess of -B seiginerxts present, 
the amount of even polymer increases until a maM- 
mum, is reached and then decreases steadily^, re- 
turning- to zero when p — L At €iis maximum 
the. amount of event polymer may or may not be 
greater than the; amount of pdd-'B pohmier, but 
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for all values oi> the amount, of mn polymer is 
! SS *-« <* -oth Lands 

ratio of " oi cdd-B polymer: and the 

ratio of tbeiormer to the latter becomes less as p 



0.10 



o.os 



0.06 



0.04 



0.02 
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£f ^ equivalents, (Compare corves in 

^pendenc^ox weight; fraction, or mole frictioh 

Ss ^tt ^r 1112 tyPC; difference 
lies m the replacement of > by r l/ 'p. J t ^ be 



shown that if for one pol 

equals r^ for another polymer, then 
their average molecular weights will 
be nearly the same (except when r*% 
ismueh less than unity) , the maxima 
m their H x vs. ^curves will occur at the 
same * value, and the distribution 
curves will vary with « in a similar 
way: The two distributions will differ 
only in the ratio of the quantities of 
the three lands of molecules, sum 
odd-K and odd-B (2:1:1 for r- l)'. 
Thus, lor example, for a particular 
even value of x there will be fewer 
mm. Miners contained in a polymer 
for which r r : than in another 
polymer of the same average molecu- 
18X weight (*-.«., the same r vahie) 
but. which p- ~ f 2 > rj; but the 

C^iTwS ?=?T^?:^- 25 ---°^« Wrp°oWr ^b^^ 
CutveH lasted "even" are for ^mote^, <~^^^^- G0 ~ corresponding amount Mesa M„ is 
number of se^ncnts; those Surfed "odd^" ^te^ r ^ 'L^f ^ "^ry low). Unless the raethod of 

^**^-53SH^saBsar*«- s— sl" 

of sizes, : the : two distributions will 



. , for the Gtli^, r " ? 



increases 

Wbert^qmvalents of the reaetants are used the 
number-average molecidar weight is 

M - Af ' im + M> 

" 78P + ,V'~ * * rj/( i -f r - 2rp) (32) 

sSS^^^ aVerag£ m0leCuIar 

segrnen^ men , - 1 this equation reduces to 

At completion Of the -reaction when £ = i 

This equation shows the effect of an excess of one 
reacjant m limiting the- maximum molecular 
weight which can be readied. secular 
The type of distribution of molecules obtained 
when an excess of one reactant is used doselv 
smxulates the distribution in pollers formed 

„ viP^T^ Bnd SJ * 

the respective laok-csii.ir wsii»i,-« «f ..... . 



for the other, 
0,040 



0.032 



0.O24 



0.010 



0.008 



0,000 




U> = 1) for;sevcral values of r. Only odd tau-gral values 
of * are s.gmficant. One square =■ 0:01 .wafeht fraction. 
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The distribution functions possess maxima 
characteristics, similar, to those previously dis- 
cussed for M r 1" polymers. In fact, the same 
equations may be used for locating the v^.. 
value for .13 * by replacing p with r fi p. ESact 
equations for and Af„ corresponding to equa- 
tions (13) arid (M); t are cumbersome; for all 
practical ptirposes it is permissible . merely to re- 
place p With r h p in (18) and (14), respectively. 
It follows that here also the ratio of M n : M u , i ^ 
approaches 1:2:3 for high molecular weights. 
Thus, sedimentation equilibrium measurements 
m. tiie ultmcentriitige would not distinguish the 
two types of polymers* 

The anther wishes to acknowledge his gratitude 
to Dr. Wallace II, Carothers for bis valuable ad- 
vice : and keen interest in. this work. The author 
is also indebted to Dr. EL 0, EEraemer for reading 
and criticising the manuscript; 



Summary 

Equations expressing the weight fraction, 
number, and mole fraction of each molecular 
species in a . linear condensation polymer have been 
derived on the basis of simple and not improb- 
able assumptions. The characteristics of these 
funetions havc been demonstrated, and discussed, 

2. The number-average, weight-average and Z- 
average molecular weights of Lansing and Krae- 
mer are shown to be in the ratio 1:2:3 for the high 
molecular weight polymers. The bearing of this 
result on Staudingcrs method for determining 
molecular weights has been discussed:, 

3, The special case of polymers prepared- by 
the condensation, of nor^equivalents of two bi- 
functional reactants. (A — A + B— B) has been 
analysed and shown to conform to a distribution 
similar to the above. Other Special cases can be 
subjected to a similar-analysis. 

Wix,Mi>iGTOx%. -Del. .Received March 24» 1036. 



[CorJTRXBUTlON FROM THJ2- GOBB ClIEMICAt LaBGR^ORY 01? TH32 XJwrVl?3lSXtY OS lfrRGINIA-J 

Fntrtiier Stadies on X^^iplfe^^ Enol, IncMit and 

BeiizoylaiSan 

By Robert IS. Ltjtz ant> A;i.t?kjsb H* StiuaSIT 



Two methyl ethers : have been obtained from : 
the eriol One of these- fifae^oytoetho^ 
ethylene I{B>, the structure of which is certain* 
was made directly by the action of diazomethane, 1 ^ 
The other, a structural, isomer 11(B) or 111(B), 
was obtained by the action of methanol and 
acid: on "the- enol or varip^s of : its derivatives and 
was believed to have tile open chain structure. 
il(B J because dt gave methyl '^i^pii^t^Xit^^ 
zatibn ^ however, the alternative, cyclic structee 
XIIfiB),* WWiM w^ not considered at that time,: 
also would account for this, result. 



i 



QH<OCH 3 ) 

m cb) 



C & H«CGCGCH=CC^ H b 

\ . 

II 



OH(OCH*) 

mm 



-0- 



e t H fr QCOCH«=CC 6 H 6 



(1) Cf. C&Vl.usx, Tn i a- JcrpitKAi., BG, ISDO <ltf3.4) ; ,(bj Lu.K t Wii^r 
aad p arris k, ihid. f 66, 1SS0 (l£>34h Lutz and Wilder, ibid, . SS, (a) 
lSB7, (iii 2055,- (c> 2145 (1Q34); 

(?) C/, (iO matt, 57, 1103 UittfA; (b) Kohkr. Westerner 



The ease of . f orrhatibn. of the isomeric ether 
by catalytic etherincation does not distinguish 
hetween the two formulations 11(B) and 111(B) 
.•.since there is analogy for the reaction in both 
open chain and cyclic types {ef. Irydrescynaphiho- 
qumbne 3 and the sugars). The quinoxaline 
reaction, however, which is specific for «~di- 
ketones, has been u$ed:^ 

e-Phenylenediamine tracts readily with the 
enol to give a quinoxaline (1^). which is bright 
orange m color in -contrast with, other quin- 
oxalines of this series. Oxidation of this, product, 
by. means of chromic add gives the :carbo% and 




cm* 




•QOH 




(3) Vivset, ibid. , AS, 21122, 3201 (IG26J. 



